CSCE 658: Randomized Algorithms
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CountSketch Error Analysis

° S(i) "Cq = S(i) ) S(i) ) fl + quti,withj:h(j)=as(i) ' S(]) . f]
* Since s(i) € {—1,+1}, we have s(i) -s(i) =1
 What is the expectation of the error term for f;?
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CountSketch Error Analysis

* S(i) "Cq = S(i) ) S(i) ) fl + quti,withj:h(j)=as(i) ' S(]) ' f]
* What is the expectation of the error term for f;?

’ E[Zjii, withj:h(j)=a5(i) -5(j) f]] =0

* What is the variance of the error term for f;?



CountSketch Error Analysis

e Variance is at most the 2" moment of the error term

*kE [(Zjii, Withj:h(j)=aS(i) () ff)zl
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e Variance is at most the 2" moment of the error term
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= 22iE|lngy=n] - ||



CountSketch Error Analysis

e Variance is at most the 2" moment of the error term

* E [(Zjii, with j:r(j)=a S(1) - S(J) fj)zl = Zjxi B hfj‘z 'Ih(j)=h(i)z]
= T2 E|In(y=n) - 15|
= % Pr(r(j) = h(D)] - |f;

‘2



CountSketch Error Analysis

 Variance is at most the 2" moment of the error term
. . 2 2
*E [(Zjii, with j:r(j)=a S(1) - S(J) f]) ] = Zjxi B [‘f]‘ 'Ih(j)=h(i)z]
= %2iE[In(j=nw] - ]

— ZjilPr[h(]) = h(l) ‘f]‘
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CountSketch Error Analysis

e Variance is at most the 2" moment of the error term

| | 2 2
*E[(jetwith 7= O -G )] = ZiuiB [ I Inonco
= 22iE|lngy=n] - ||

—Z,#Pr[h(l)—ﬁl(l“) |-
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CountSketch Error Analysis

81k?2 £2|1£ 113

, then the variance is at most
g2 81k?2

e Seth =

* By Chebyshev’s inequality, the error for f; is at most i lf ]|, with

. 2
probability at least 3

* How to ensure accuracy forall i € [n]?



CountSketch Error Analysis

* By Chebyshev’s inequality, the error for f; is at most i Il f 1|, with
probability at Ieastg

* How to ensure accuracy for all i € [n]?

* Repeat ¥ := O(logn) times to get estimates e4, ..., e, foreach i €
In] and set f; = median(eq, ..., ep)



CountSketch Error Analysis

e Claim: For all estimated frequencies ]?l by CountSketch, we have

ellfll ellfII

. < f < F
fim—=g =h=lhit—3




CountSketch Summary

* CountSketch solves the L, heavy-hitters problem: Given a set S of
m elements from [n] that induces a frequency vector f € R™ and a
threshold parameter € € (0, 1), output a list that includes:

* The items from [n] that have frequency at least € - |[f]|,
* No items with frequency less than § £l

1
€2

e Space usage: O log? n ) bits of space
8



L, Estimation

* Goal: Given a set S of m elements from [n] that induces a
frequency vector f € R™ and an accuracy parameter € € (0, 1),
output a (1 + &)-approximation to ||f ]|,

* Find Zsuchthat (1 —¢) - [Ifll, =Z = (1 + &) - |Ifll>

* Find Z' suchthat (1 — &) - [Iflls < Z' < (1 + &) - I I3



F, Moment Estimation

e Goal: Find Z'suchthat (1 — &) - |IflI5<Z' < (1 + ) - ||Ifll5



F, Moment Estimation

e Goal: Find Z'suchthat (1 — &) - |IflI5<Z' < (1 + ) - ||Ifll5
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F, Moment Estimation

e Goal: Find Z'suchthat (1 — &) - |IflI5<Z' < (1 + ) - ||Ifll5

17773771411115117175177
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Johnson-Lindenstrauss Lemma

e Distributional Johnson-Lindenstrauss Lemma: Given IT € R™*™ with
m=20 (log 1/5) and each entry drawn from %N(O,l), then for any

g2 m

x € R™ and setting y = Ilx, then with probability at least 1 — §
(L —=)llxllz = llyll; = (1 + &)llx|l,




F, Moment Estimation

log1/6
£2

* Algorithm: Generate I1 € R™*" withm = 0 (

1
drawn from \/—n_lN(O,l). Setg=11-f

) and each entry

* Whenever there is an update to a coordinate of f, update g
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) and each entry



F, Moment Estimation

log1/6
£2

* Algorithm: Generate I1 € R™*" withm = 0 ( ) and each entry

1
drawn from \/—EN(O,l). Setg=11-f
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* Whenever there is an update to a coordinate of f, update g
*f=f+e
*f=f+e
*f=f+te



F, Moment Estimation

log1/6
£2

* Algorithm: Generate I1 € R™*" withm = 0 ( ) and each entry

1
drawn from \/—EN(O,l). Setg=11-f

17773771411115117175177

* Whenever there is an update to a coordinate of f, update g

e

cf=f+e,g=g+Ile

cf=f+e;,,g=g+lle;

—

cf=f+e;,,g=g+Ille,




AMS Algorithm

* Generate a random sign vector s € {—1, +1}"

* Maintain Z = (s, f)

e Output W := Z?
















































AMS Algorithm

 What values of Z did you get?
*Z=(s,fY=sifi+s:2f2+ -+ snfu
* What values of W did you get?

’W:ZZZ i,jSiij;:f}



AMS Algorithm

* What values of W did you get?

* W — Z2 — Zi,jSiSjﬁf}

9 6 0 0 0 0 0



AMS Algorithm

* What is E|IW/]?
*Z =(s,f)=s1f1 +S2f2 + -+ 5, /fn
¢ W — Zz — Zi,jSiSjﬁf}

 E[W] =3, Elsisififi] = Z.E|f7] = IIF 113



AMS Algorithm
* What is Var|W|?

Z=(s,f)=s1fi +s2fz+ -+ spfn
* W?=2Z%=34pcaSaSvScSafafvefa

| E|[|W||24] = Yabea Elsaspscsafafofefal = i E[f] + 6 T B[ £7] <
6117113



AMS Algorithm

e By Chebyshev’s inequality, W will be a 9-approximation to ||f]|5 with
probability%



AMS Algorithm

* How to get (1 + &)-approximation?

* Repeat O (Eiz) times and take the average



AMS Algorithm

1
€2

1
€2

e Space of algorithm: O ( ) words of space or 0 ( log m) bits of space
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