CSCE 658: Randomized Algorithms

Lecture 3

Samson Zhou



Class Logistic Updates

* Course materials: https://samsonzhou.github.io/CSCE658-
S24/csce658-s24



https://samsonzhou.github.io/CSCE658-S24/csce658-s24
https://samsonzhou.github.io/CSCE658-S24/csce658-s24

Class Logistic Updates

* Problem Set 1 posted, due next Thursday, February 1, 2024,
5pmCT

* PS1 groups sent via e-mail, please confirm receipt by reply-
all

* Submit PS1 via e-mail as a PDF, typeset in LaTeX

* LaTeX template for PS1 available on class webpage, for your
convenience



Trivia Question #1 (Birthday Paradox)

e Suppose we have a fair n-sided die. How many times should we roll
the die before the probability we see a repeated outcome among the

: 1
rolls is at least E? Example: 1,5, 2,4, 5

* 0(1)
* O(logn)

* O(v/n)
* O(n)



Trivia Question #2 (Limits)

n
e Let ¢ > 0 be a constant. What is lim (1 — 5) ?

Nn—o0o n
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Birthday Paradox

e Suppose we have a room with 367 people. What is the probability
that two people share the same birthday?



Birthday Paradox

e Suppose we have a room with 367 people. What is the probability
that two people share the same birthday?

* Suppose we have a room with 23 people. What is the probability that
two people share the same birthday?
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e Suppose we have a fair n-sided die that weroll k = 1, 2, 3, 4,...
times. What is the probability we DO NOT see a repeated outcome
among the rolls?
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Birthday Paradox

e Suppose we have a fair n-sided die that weroll k = 1, 2, 3, 4,...
times. What is the probability we DO NOT see a repeated outcome

among the rolls?
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Birthday Paradox

e Suppose we have a fair n-sided die that weroll k = 1, 2, 3, 4,...
times. What is the probability we DO NOT see a repeated outcome

among the rolls?
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Birthday Paradox

e Suppose we have a fair n-sided die that weroll k = 1, 2, 3, 4,...
times. What is the probability we DO NOT see a repeated outcome
among the rolls?

(=2) () -(-5)




Birthday Paradox

e Suppose we have a fair n-sided die that weroll k = 1, 2, 3, 4,...
times. What is the probability we DO NOT see a repeated outcome
among the rolls?

(1-9(1-3- (-5 <3




Birthday Paradox

e Suppose we have a fair n-sided die that weroll k = 1, 2, 3, 4,...
times. What is the probability we DO NOT see a repeated outcome
among the rolls?

(1 _ 9) (1 _ 1) (1 "‘1) < for k=0(n)

n n n




Birthday Paradox

e Suppose we have a fair n-sided die. “On average”, how many times
should we roll the die before we see a repeated outcome among the
rolls?

* 0(Vn)

* Butisit @(y/n)?



Birthday Paradox

e Suppose we have a fair n-sided die that weroll k = 1, 2, 3, 4,...
times. What is the probability we DO NOT see a repeated outcome
among the rolls?

* Let S; be the event that the i-th roll is a repeated outcome,
conditioned on the previous rolls not being a repeated outcome

¢ Pr[S;] = =

n

* Pr(S; U--US,] <2777




Birthday Paradox

e Suppose we have a fair n-sided die that weroll k = 1, 2, 3, 4,...
times. What is the probability we DO NOT see a repeated outcome
among the rolls?
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Birthday Paradox

e Suppose we have a fair n-sided die that weroll k = 1, 2, 3, 4,...
times. What is the probability we DO NOT see a repeated outcome
among the rolls?

* Let S; be the event that the i-th roll is a repeated outcome,
conditioned on the previous rolls not being a repeated outcome

¢ Pr[S;] = =

n

k—1
n

2
*PriS; U-—US ] <-4+ ..+ S% { Union Bound J
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Birthday Paradox

e Suppose we have a fair n-sided die. “On average”, how many times
should we roll the die before we see a repeated outcome among the
rolls?

* O(vn)



Case Study

* We are trying to learn a new
language on an app, which claims to
have a database of 1 million words

* Each time we ask the app, it gives us
a random word in the database

* We want to verify the claim

SPANISH-

ENGLISH
Dictionary

Diccionario
ESPANOL-INGLES

SO0 ER TN
190,000 mee by, ghrews & conmpdes pomen b 0 boy st
Aaeviean alfe Eagnd s pansd o) spiden »
Lada Morvire B xgale - Spamad b Mnevbopnsly b Enieh

120008 pldadain Vaws ) ohemdin fores b n ra i srvvimies.
L s b e ws Papudd Mim mmrcvumm | 00 Tguala - Lagasd D3~

BONUS  FREE ELECTRONIC DICTIONARY
- Lol s Donebond

FEATURE



Case Study

* We could use the app until we see 1
million unique words, but that would
take at least 1 million checks

* Instead, we use the app for 1000
times and count the number of
pairwise duplicates

* If there are many duplicates, the
database is probably not very large
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Case Study

* We use the app for k times and count
the number of pairwise duplicates

e If we see the same word on the 3-rd
time, the 100-th time, and the 205-

SPANISH—

th time, there are 3 pairwise
duplicates: (3,100), (3, 205), 5{2&!;!21!;
(100’ 205) Dicéiaaaﬁario
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Expected Value

* The expected value of a random variable X over a sample space (} is:

E[X] = ZPr[X = x] - x

X €E)

* The “average value of the random variable"

* Linearity of expectation: E[X + Y| = E[X]| + E[Y]



Expected Value

e Suppose we roll a 6-sided die

e Let X be the outcome of the roll

* What is E[X]?



Linearity of Expectation

* Linearity of expectation: E[X + Y| = E[X] + E[Y]

E[X + Y] 2 zPr =x,Y=y]-(x+y)
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* Linearity of expectation: E[X + Y| = E[X] + E[Y]

E[X + Y] 2 zPr =x,Y =yl -(x+y)

XEQNyx VEQy

Z Z PriX =x,Y =y]-x+ Z Z PrIX=x,Y =y] -y

XEQx VEQy XENx VEQy

Y ey pix=rr=yi+ Yy Y Prix=xy =y

XEQx YEQy vEQy X€EQx



Linearity of Expectation

* Linearity of expectation: E[X + Y| = E[X] + E[Y]

E[X + Y] z zPr =x,Y =yl -(x+y)

XEQNyx VEQy

=2 ZPr[sz,Yzy]-x+z EPr[sz,Yzy]-y
XEQx VEQy XENx VEQy

=z ZPI‘ =x,Y =y|+ z ZPr =x,Y =y]
XEQx YEQy vEQy X€EQx

z x - Pr[X = x] + Z v - Pr[Y = y] = E[X] + E[Y]

XENx VEQy



Birthday Paradox

e Suppose we have a fair n-sided die that weroll k = 1, 2, 3, 4,...
times. What is the probability we DO NOT see a repeated outcome
among the rolls?

(=2) () -(-5)




Birthday Paradox

e Suppose we have a fair n-sided die that weroll k = 1, 2, 3, 4,...
times. What is the expected number of pairwise collisions among the
rolls?

* Let X; be the number of pairwise collisions on the i-th roll

* We have E[X;]| = %



Birthday Paradox

* Let X be the number of pairwise collisions after k rolls

* What is E[ X]?



Birthday Paradox

* Let X be the number of pairwise collisions after k rolls

E[X] = E[X; + - + X, ]
= E[X1] + -+ + E[X;]
0 k—1

= — 4 ... 4
n n

B k(k—1)
B 2n




Birthday Paradox

. _ k(k-1)
E|X] = -
—1)2 2
PP T
2n 2n

ek = 2yn+ 1impliesE[X] = 1

o k = g implies E[X] <

el



Case Study

* We use the app for k = 1000 times
and count the number of pairwise

duplicates

* If the database contains 1 million
words, the expected number of
pairwise duplicates is E[X]| =

kk=1) ~ 0.5

2n

SPANISH-
ENGLISH
Dictionary

Diccionario
ESPANOL-INGLES

SECOND ER TN
190,000 mee by, ghrews & conmpdes pomen b 0 boy st
Aaeviean alfe Eagnd s pansd o) spiden »
Lada Nuwrcire brgale  Spamad b Mnevbopnsds b Endo
120008 pldabain Vawn ) ol mdim (o bad n ra in svrrmie.
R e T N I o e B

BONUS  FREE ELECTRONIC DICTIONARY
- Lol s Donebond

FEATURE




Case Study

* If the database contains 1 million
words, the expected number of
pairwise duplicates is E[ X ]| =

kk=1) ~ 0.5

2n

e ...We see 20 duplicates

* We think the claim is incorrect, but
how can we be sure?
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Concentration Inequalities

* Concentration inequalities bound the probability that a random
variable is “far away” from its expectation

* Often used in understanding the performance of statistical tests, the
behavior of data sampled from various distributions, and for our
purposescthe guarantees of randomized algorithms>




Markov’s Inequality

* Let X = 0 be a non-negative random variable. Then forany t > O:

1

Prix > ¢ - E[X]] < -



Proof of Markov’s Inequality

* Let X = 0 be a non-negative random variable. Then forany t > O:

E[X] = Xxea PrlX = x| - x

= 2xzeE[x] PTIX = x| - x + Zx<t,E[X] Pr[X =x]-x
> Yest-E[x]) PTIX = x] - x

> ¢ E[X] Eyat.pp PrIX = 1

=t - E[X] - Pr[X >t - E[X]]



Birthday Paradox

e Suppose we have a fair n-sided die that weroll k = 1, 2, 3, 4,...
times. What is the probability we DO NOT see a repeated outcome
among the rolls?

(=2) () -(-5)




Birthday Paradox

e Suppose we have a fair n-sided die that weroll k = 1, 2, 3, 4,...
times. What is the expected number of pairwise collisions among the
rolls?

* Let X; be the number of pairwise collisions on the i-th roll

* We have E[X;]| = %



Birthday Paradox

. _ k(k-1)
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Birthday Paradox

. . k(k—1)
E[X] = -
_1)\2 2
o 1) < E[X] <X
2n 2n

e k = 24/n + 1 implies E[X]

o k = g implies E[X]| < 1 an

B

> 1

d by Markov’s inequality, Pr[X > 1] <

el



Case Study

* If the database contains 1 million
words, the expected number of
pairwise duplicates is E[ X ]| =

kk=1) ~ 0.5

2n

e ...We see 20 duplicates

* We think the claim is incorrect, but
how can we be sure?
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Case Study

* If the database contains 1 million
words, the expected number of
pairwise duplicates is E[ X ]| =

kk=1) ~ 0.5

2n

e ...We see 20 duplicates

1

* Pr[X = 20] < —
40
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