
On Socially Fair Low-Rank Approximation 

and Column Subset Selection

Low-Rank Approximation

• Find rank 𝑘 matrices 𝑈 ∈ ℝ𝑛×𝑘, 𝑉 ∈ ℝ𝑘×𝑑

that minimizes 𝑈𝑉 − 𝐴 𝐹

• Finding structure among noise

• Matrix completion problem

• Closed form solution to find optimal 𝑈 ∈
ℝ𝑛×𝑘, 𝑉 ∈ ℝ𝑘×𝑑 that minimizes 𝑈𝑉 − 𝐴 𝐹

• 𝑉 is the top 𝑘 right singular vectors of 𝐴

• Can be computed in polynomial time using 
singular value decomposition (SVD)

Our Results

Upper Bounds

• Given accuracy parameter 𝜀 ∈ 0,1 , there 
exists 1 + 𝜀 -approximation algorithm for 
fair low-rank approximation that uses time 
1

𝜀
poly 𝑛 ⋅ 2ℓ

poly ℓ,𝑘,
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𝜀

• Given trade-off parameter 𝑐 ∈ 0,1 , there 

exists ℓ𝑐 ⋅ 2
1

𝑐 ⋅ 𝑂 𝑘 log log 𝑘 log 𝑑 -

approximation algorithm for fair low-rank 
approximation that uses polynomial time, but 

with bicriteria rank 𝑂 𝑘 log log 𝑘 log2 𝑑

• There exists 𝑂 𝑘 log log 𝑘 log 𝑑 -

approximation algorithm for fair column 
subset selection that uses polynomial time, 
but with bicriteria rank 𝑂 𝑘 log 𝑘

• Additional results for fair regression

Column Subset Selection

• Find matrices 𝑈 ∈ ℝ𝑛×𝑘, 𝑉 ∈ ℝ𝑘×𝑑 that minimizes 𝑈𝑉 − 𝐴 𝐹, 

where 𝑉 is 𝑘 columns of 𝐴

• Finding structure among noise

• Low-rank approximation variant with better interpretability

• NP-hard problem

• Can achieve 𝑂(𝑘) approximation by volume sampling or local 

search

• Approximation algorithms use polynomial time
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𝑈ℓ ∈ ℝ𝑛ℓ×𝑘, 𝑉 ∈ ℝ𝑘×𝑑 that 
minimizes max

𝑖∈ ℓ
𝑈𝑖𝑉 − 𝐴𝑖 𝐹

• Each matrix 𝐴𝑖 is the dataset of a 
protected subpopulation

• Ensure solution is equitable to all 
subpopulations
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Motivation

Unfortunately, real-world machine learning algorithms across a 
wide variety of domains have recently produced a number of
undesirable outcomes from the lens of generalization:

• [BS16] noted that decision-making processes using data 
collected from smartphone devices reporting poor road quality 
could potentially underserve poorer communities with less 
smartphone ownership.

• [KMM15] observed that search queries for CEOs 
overwhelmingly returned images of white men

• [BG18] observed that facial recognition software exhibited 
different accuracy rates for white men compared with dark-
skinned women. 

Biased data or biased algorithms?

• Better training data, fair algorithms

Lower Bounds

• Given vectors 𝑣1, … 𝑣𝑛 ∈ ℝ𝑑 , minimize the distance 
from these points to a (𝑛 − 1)-dimensional subspace

• Subspace 𝑛 − 1,∞ problem is NP-hard to 
approximate within any constant factor

• Exponential time hypothesis: The 3-SAT problem 

requires 2Ω 𝑛 runtime. 

Upper Bounds

• Theorem [BPR96]: Given a polynomial system in 
𝑥1, … 𝑥𝑛 over real numbers and 𝑚 polynomial 
constraints of degree 𝑑 with coefficients at most 𝐵
bits, there exists an algorithm that determines 
whether there exists a solution to the polynomial 

system in time 𝑚𝑑 𝑂 𝑛 ⋅ poly(𝐵). 

• Find “good” approximation 𝛼 to fair low-rank 
approximation and then repeatedly decrease 𝛼 by 
1 + 𝜀 and check polynomial system solver using

Lower Bounds

• Fair low-rank approximation is NP-hard to 
approximation within any constant factor

• Under the exponential time hypothesis 
(ETH), fair low-rank approximation requires 

2𝑘
Ω(1)

time to approximate within any 
constant factor

• Recall: Low-rank approximation can be 
solved in polynomial time

• Use dimensionality reduction to 
improve polynomial solver runtime

Bicriteria algorithm. 𝑥 ∞ =
1 ± 𝜀 𝑥 𝑝 for large 𝑝, so 

instead minimize over 𝑉:

෍
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• Use Dvoretzky’s Theorem to embed into 𝐿𝑝Experiments
• Credit card dataset with 30,000 observations, 23 features, e.g., previous 

payment statements and delays, upcoming bill statement, and whether 
they default. Gender used as the protected attribute

• Baseline: SVD for standard low-rank approximation
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